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OPERATOR VERSIONS OF HÖLDER INEQUALITY AND
HILBERT C∗-MODULES
DRAGOLJUB J. KEČKIĆ
Abstract. Recently proved weighted Cauchy Scwarz inequality for Hilbert
C∗-modules leads to many Hölder type inequalities for unitarily invariant
norms on Hilbert space operators.
1. Introduction
Operator inequalities have been studied for many years. Discrete version of
Cauchy-Schwarz inequality can be tracked back to [15] in connections with norm
estimate of elementary operators and later in [6], [7] and many others. See, also re-
cent work [3] and references therein. Continuous version in connection with Birman-
Solomyak double operator integrals was considered in [10].
In the last ten years, there was obtained many inequalities in the framework
of Hilbert C∗-modules. Among others there are [5] or [8]. In [11] we established
that operator Cauchy-Schwarz inequalities can be derived from the corresponding
Hilbert modules inequalities in a much more easier way then previously.
Hölder type inequalities (their discrete versions) was considered in [1] and [2]
(see also references therein).
The aim of this note is to use weighted Cauchy-Scwarz inequality in Hilbert
modules [14, Theorem 5.1.] to obtain a very short and easy proof of many Hölder
type inequalities for Hilbert space operators. They comprises known results (pre-
dominantly in discrete case) as well as completely new inequalities.
2. Preliminaries
To prove our main result we need the following:
Definition 2.1. Let A be a C∗-algebra and let a, b ∈ A be positive elements. Its
geometric mean a♯b is defined as
a♯b = a1/2(a−1/2ba−1/2)1/2a1/2,
if a is invertible and a♯b = limε↓0+(a+ ε)♯b otherwise.
It is well known that geometric mean has the following properties:
(1) a♯b = (ab)1/2 if a and b commute;
(2) a♯b = b♯a;
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(3) a♯b = max
{
0 ≤ x ∈ A |
[
a x
x b
]
≥ 0
}
.
For more details see [4]. For the third property, see also [13].
Our main result relies on the following two theorems, first established by and
the second by Horn and Mathias.
Theorem S. ([14, Theorem 5.1]) Let T be a bounded adjointable operator on a
Hilbert C∗-module M that has a polar decomposition, let x ∈ M be arbitrary, let
f , g : [0,+∞) → [0,+∞) be continuous functions such that f(t)g(t) ≡ t. If
〈x, T y〉 = u| 〈x, T y〉 | then
(2.1) | 〈x, T y〉 | ≤ u∗
〈
x, f(|T ∗|)2x
〉
u♯
〈
y, g(|T |)2y
〉
.
Proof. This is proved in [14] for f(t) = tα, g(t) = tβ , α, β ≥ 0, α + β = 1, and
for T that has adjoint and such that the closures of the ranges of both T and T ∗
are complemented. However, the proof relies only on the fact that T has a polar
decomposition T = U |T |.
For the convenience of the reader, we shall give the outline of the proof. First,
recall the inequality
(2.2) |〈x, y〉| ≤ u∗ 〈x, x〉 u♯ 〈y, y〉 , 〈x, y〉 = u |〈x, y〉| ,
proved in [8]. Next,
|〈x, T y〉| = |〈x, U |T |y〉| = |〈f(|T |)U∗x, g(|T |)y〉| ,
and apply (2.2):
|〈x, T y〉| ≤ u∗ 〈f(|T |)U∗x, f(|T |)U∗x〉u♯ 〈g(|T |)y, g(|T |)y〉 =
= u∗
〈
x, Uf(|T |)2U∗x
〉
u♯
〈
y, g(|T |)2y
〉
.
Finally, note that Up(|T |)U∗ = p(|T ∗|) for all polynomials that contain only even
terms, and henceforth for all continuous functions by standard limit process. 
Remark 2.1. It will be important that u can be extended either to isometry or to
coisometry i.e. either u∗u = 1 or uu∗ = 1.
Theorem HM. ([9, Theorem 2.3 and remark after if – formula (2.11)]) Let A, B
and X be operators on a Hilbert space H such that
[
A X
X∗ B
]
≥ 0. Then for all
unitarily invariant norms |||·|||, and all p, q, r > 0 such that 1/p + 1/q = 1 there
holds
(2.3) ||| |X |r ||| ≤
∣∣∣∣∣∣∣∣∣Apr/2∣∣∣∣∣∣∣∣∣1/p ∣∣∣∣∣∣∣∣∣Bqr/2∣∣∣∣∣∣∣∣∣1/q .
Remark 2.2. This theorem is proved for matrices. However, carefully reading the
proof we can see that everything works in the framework of Hilbert space operators,
as well.
3. Unitarily invariant norm inequalities
The following general theorem leads to a large number of Hölder type inequalities.
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Theorem 3.1. Let M be a Hilbert C∗-module over the algebra B(H) of all bounded
operators on some Hilbert space, let x, y ∈ M and let T : M → M be adjointable
operator that has a polar decomposition. If f , g : [0,+∞)→ [0,+∞) are continuous
functions such that f(t)g(t) ≡ t then
(3.1) ||| |〈x, T y〉|r ||| ≤
∣∣∣∣∣∣∣∣∣〈x, f(|T ∗|)2x〉pr/2∣∣∣∣∣∣∣∣∣1/p ∣∣∣∣∣∣∣∣∣〈y, g(|T |)2y〉qr/2∣∣∣∣∣∣∣∣∣1/q ,
for all unitarily invariant norms |||·||| and all p, q, r > 0 such that 1/p+ 1/q = 1.
Proof. Suppose 〈x, T y〉 = u |〈x, T y〉| where u is extended to an coisometry, i.e.
uu∗ = 1. Denote
X =
〈
x, f(|T ∗|)2x
〉
, Y =
〈
y, g(|T |)2y
〉
.
By Theorem S we have |〈x, T y〉| ≤ u∗Xu♯Y . Next, by property (3) of geometric
mean, we have [
u∗Xu |〈x, T y〉|
|〈x, T y〉| Y
]
≥ 0.
and therefore
0 ≤
[
u 0
0 1
] [
u∗Xu |〈x, T y〉|
|〈x, T y〉| Y
] [
u∗ 0
0 1
]
=
[
X 〈x, T y〉
〈x, T y〉
∗
Y
]
Hence by Theorem HM, formula 3.1 follows.
If u can not be extended to a coisometry then we pick 〈x, T y〉
∗
= 〈y, T ∗x〉 which
has a polar decomposition 〈x, T y〉
∗
= v
∣∣〈x, T y〉∗∣∣ with v extendable to a coisometry.
Now result follows by interchanging roles of x and y, T and T ∗, f and g. 
Next, we give corollaries.
Corollary 3.2. Let (Ω, µ) be a measurable space. We consider the Hilbert module
L2(Ω, µ) consisting of all weakly measurable families At ∈ B(H), t ∈ Ω such that∫
Ω
A∗tAtdµ(t) exists in the weak-∗ sense, see [11, Example 2.3.].
(i) If At, Bt ∈ L
2(Ω), Xt ∈ L
∞(Ω), i.e. sup ‖Xt‖ < +∞ then∣∣∣∣
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫
Ω
A∗tXtBtdµ(t)
∣∣∣∣
r ∣∣∣∣
∣∣∣∣
∣∣∣∣ ≤
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(∫
Ω
A∗t f(|X
∗
t |)
2At
) pr
2
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
p
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(∫
Ω
B∗t g(|Xt|)
2Btdµ(t)
) qr
2
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
q
.
In particular∣∣∣∣
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫
Ω
A∗tXtBtdµ(t)
∣∣∣∣
r ∣∣∣∣
∣∣∣∣
∣∣∣∣ ≤
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(∫
Ω
A∗t |X
∗
t |
2αAt
) pr
2
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
p
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(∫
Ω
B∗t |Xt|
2βBtdµ(t)
) qr
2
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
q
,
where α, β ≥ 0, α+ β = 1.
(ii) If, in addition, µ(Ω) < +∞ and r ≥ 2 then∣∣∣∣
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫
Ω
A∗tXtBtdµ(t)
∣∣∣∣
r∣∣∣∣
∣∣∣∣
∣∣∣∣ ≤
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫
Ω
|At|
rpdµ(t)
∣∣∣∣
∣∣∣∣
∣∣∣∣
1
p
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫
Ω
|Bt|
rqdµ(t)
∣∣∣∣
∣∣∣∣
∣∣∣∣
1
q
sup ess
t∈Ω
‖Xt‖
r.
The latter can be extended to all At, Bt such that
∫
Ω
|At|
pdµ(t),
∫
Ω
|Bt|
qdµ(t) exist
as weak-8 integrals. In particular, for any Q norm ‖ · ‖Q we have∥∥∥∥
∫
Ω
A∗tXtBtdµ(t)
∥∥∥∥
Q
≤
∥∥∥∥
∫
Ω
|At|
pdµ(t)
∥∥∥∥
1
p
Q
∥∥∥∥
∫
Ω
|Bt|
qdµ(t)
∥∥∥∥
1
q
Q
sup ess
t∈Ω
‖Xt‖.
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(iii) If At and Bt are families consisting of mutually commuting normal oper-
ators, X ∈ B(H) arbitrary and µ(Ω) < +∞, then for all Q-norms ‖ · ‖Q there
holds ∥∥∥∥
∫
Ω
A∗tXBtdµ(t)
∥∥∥∥
Q
≤
∥∥∥∥∥
(∫
Ω
|At|
pdµ(t)
) 1
p
X
(∫
Ω
|Bt|
qdµ(t)
) 1
q
∥∥∥∥∥
Q
.
Proof. We have:
(i) Consider the mapping TX : L
2(Ω, µ) → L2(Ω, µ) given by
TX(At) = (XtAt).
It is easy to see that TX is bounded, adjointable, ‖Tx‖ = sup ess ‖Xt‖, as well as
that TX has a polar decomposition TX = TUT|X|, where Xt = Ut|Xt| is the polar
decomposition of Xt. Apply Theorem 3.1.
(ii) First, note that A∗t |X
∗
t |
2αAt ≤ A
∗
tAt‖X
∗
t ‖
2α ≤ |At|
2 sup ess ‖Xt‖
2α and
similar for Bt. Then recall the Jensen inequality∣∣∣∣
∣∣∣∣
∣∣∣∣ϕ
(∫
Ω
Atdµ(t)
)∣∣∣∣
∣∣∣∣
∣∣∣∣ ≤
∣∣∣∣
∣∣∣∣
∣∣∣∣
∫
Ω
ϕ(At)dµ(t)
∣∣∣∣
∣∣∣∣
∣∣∣∣ ,
which holds for convex functions ϕ : [0,+∞) → [0,+∞), pointwise positive At
and µ(Ω) = 1, see [12, Proposition 2.5.], and note that t 7→ tpr/2, tqr/2 are convex
for r ≥ 2, p, q ≥ 1. Finally, note that both sides of the required inequality are
homogeneous and hence µ(Ω) can be canceled.
For the second inequality, recall that unitarily invariant norm |||·||| is called Q-
norm, if there is an other unitarily invariant norm ‖ · ‖ such that |||A||| = ‖|A|2‖1/2.
Now, take r = 2 in the previous inequality and take a power to the 1/2.
(iii) For Xt ≡ X and
∫
Ω
|At|
pdµ(t),
∫
Ω
|Bt|
qdµ(t) ≤ I the result follows from
the previous item. In general case, note that At as well as A
∗
t commutes with∫
Ω
|At|
pdµ(t). Choose ε > 0 and apply the special case to
At
(∫
Ω
|At|
pdµ(t) + εI
)−1/p
, Bt
(∫
Ω
|Bt|
qdµ(t) + εI
)−1/q
and
(∫
Ω
|At|
pdµ(t)
)1/p
X
(∫
Ω
|Bt|
qdµ(t)
)1/q
instead of At, Bt and X . We obtain∥∥∥∥
∫
Ω
A∗tXBtdµ(t)
∥∥∥∥
Q
=
=
∥∥∥∥∥
∫
Ω
A∗t
(∫
Ω
+εI
)− 1
p
(∫
Ω
+εI
) 1
p
X
(∫
Ω
+εI
) 1
q
(∫
Ω
+εI
)− 1
q
Btdµ(t)
∥∥∥∥∥
Q
≤
≤
∥∥∥∥∥
(∫
Ω
|At|
pdµ(t) + εI
) 1
p
X
(∫
Ω
|Bt|
qdµ(t) + εI
) 1
q
∥∥∥∥∥
Q
.
Finally, let ε→ 0. (Notice the well known lower semicontinuity of unitarily invariant
norms, with respect to weak limit.) 
Corollary 3.3. Let us consider the discrete case. Let γn ∈ R+ be a sequence, An,
Bn, Xn ∈ B(H), and let p, q, r > 0, 1/p+ 1/q = 1.
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(i) [1, Theorem 21.] (see also Theorem 15 of the same reference) If
∑+∞
n=1 γn|An|
2,∑+∞
n=1 γn|Bn|
2 converge weakly, sup ‖Xn‖ < +∞ and f , g : [0,+∞)→ [0,+∞) are
continuous functions such that f(t)g(t) ≡ t then
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
γnA
∗
nXnBn
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
(
+∞∑
n=1
γnA
∗
nf(|X
∗
n|)
2An
) pr
2
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
1
p
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
(
+∞∑
n=1
γnB
∗
ng(|Xn|)
2Bn
) qr
2
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
1
q
.
In particular, for α, β ≥ 0, α+ β = 1, we have
(3.2)∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
γnA
∗
nXnBn
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
(
+∞∑
n=1
γnA
∗
n|X
∗
n|
2αAn
) pr
2
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
1
p
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
(
+∞∑
n=1
γnB
∗
n|Xn|
2βBn
) qr
2
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
1
q
.
(ii) If, in addition,
∑+∞
n=1 γn = 1 and r ≥ 2 then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
|γnA
∗
nXnBn|
r
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
γn|An|
pr
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
p
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
γn|Bn|
qr
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
q
sup
n≥1
‖Xn‖.
The latter can be extended to all An, Bn such that
∑
|An|
p,
∑
|Bn|
q converge
weakly. In particular, for any Q norm ‖ · ‖Q we have∥∥∥∥∥
+∞∑
n=1
γnA
∗
nXnBn
∥∥∥∥∥
Q
≤
∥∥∥∥∥
+∞∑
n=1
γn|An|
p
∥∥∥∥∥
1
p
Q
∥∥∥∥∥
+∞∑
n=1
γn|Bn|
q
∥∥∥∥∥
1
q
Q
sup
n≥1
‖Xn‖.
(iii) For all unitarily invariant norms |||·||| and for p ≥ 2 there holds∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
γnA
∗
nXnBn
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
γn|An|
p
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
p
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
γq/2n |Bn|
q
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
q
sup
n≥1
‖Xn‖.
In particular, for m ∈ N we have:∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
m∑
n=1
A∗nXnBn
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤ m| 12− 1p |
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
m∑
n=1
|An|
p
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
p
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+∞∑
n=1
|Bn|
q
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
1
q
sup
n≥1
‖Xn‖.
The last inequality reduces to [1, Theorem 17] for Xn ≡ I. Note that the constant
m|
1
2
− 1
p
| is sharp, see [1, Remark 18].
(iv) If An and Bn are sequences of mutually commuting normal operators, X ∈
B(H) arbitrary and
∑+∞
n=1 γn < +∞ then for all Q-norms ‖ · ‖Q there holds∥∥∥∥∥
+∞∑
n=1
γnA
∗
nXBn
∥∥∥∥∥
Q
≤
∥∥∥∥∥∥
(
+∞∑
n=1
γn|An|
p
) 1
p
X
(
+∞∑
n=1
γn|Bn|
q
) 1
q
∥∥∥∥∥∥
Q
.
(v) If An and Bn are sequences of mutually commuting normal operators, X ∈
B(H) arbitrary and m ∈ N then for all unitarily invariant norms |||·||| there holds∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
m∑
n=1
A∗nXBn
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤ m| 12− 1p |
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
(
m∑
n=1
|An|
p
) 1
p
X
(
m∑
n=1
|Bn|
q
) 1
q
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ .
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Proof. (i), (ii) and (iv) are special cases of (i), (ii) and (iii), respectively of the
previous corollary, for Ω = N, µ(E) =
∑
n∈E γn.
(iii) Put r = 1 and Xn = I in (3.2). The function t 7→ t
p/2 is convex and
t 7→ tq/2 is concave. Apply, aforementioned Jensen inequality to the first factor,
and the inequality ∣∣∣∣∣∣∣∣∣ϕ(∑Bn)∣∣∣∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣∣∑ϕ(Bn)∣∣∣∣∣∣∣∣∣
which holds for concave ϕ (see [12, Lemma 2.4]) to the second factor.
(v) This can be derived from (iii) in the same way as in the previous corollary
the third assertion is derived form the first.

4. An inequality in operator ordering
In the paper [14] an other inequality in Hilbert modules was proved, namely
Theorem S2. ([14, Theorem 4.1]) Let p > 1, 1/p+1/q = 1 and let A, B be positive
adjointable operators on some Hilbert C∗-module over a C∗-algebra. Then〈
x,Bq♯1/pA
px
〉
≤ 〈x,Bqx〉 ♯1/p 〈x,A
px〉 ,
where ♯θ stands for weighted geometric mean:
A♯θB := A
1/2(A−1/2BA−1/2)θA1/2,
for A invertible, and A♯θB = lim
ε↓0
(A+ εI)♯θB, otherwise.
Applying this to "diagonal" operators Xt 7→ AtXt and Xt 7→ BtXt for point-
wise positive and weakly measurable families At and Bt, we obtain the following
corollary:
Corollary 4.1. We have
(1) For a measurable space (Ω, µ) and weakly measurable families At, Bt, of
positive Hilbert space operators, p, q ≥ 1, 1/p+ 1/q = 1 we have∫
Ω
Bqt ♯1/p A
p
t dµ(t) ≤
(∫
Ω
Bqt dµ(t)
)
♯1/p
(∫
Ω
Aptdµ(t)
)
(2) For sequences An, Bn, of positive Hilbert space operators, p, q ≥ 1, 1/p+
1/q = 1 we have
+∞∑
n=1
Bqn ♯1/p A
p
n ≤
(
+∞∑
n=1
Bqn
)
♯1/p
(
+∞∑
n=1
Apn
)
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